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Abstract
We reduce the BTZ spacetime to two kinds of hypersurfaces of
foliation: one having a fixed radial coordinate and the other a fixed
angular coordinate. The radial reduction leads to a Liouville type
theory, and confirms, from the first principle, the expectation laid out
in the literature. In the other endeavor, the angular reduction of the
3D gravity is carried out in two different ways; the first again yields
a Liouville type theory (different from that of the radial reduction)
and the second yields a 2D interacting quantum field theory with
quartic potential. We discuss potential implications of our result for
the Equivalence Principle and Purity of Hawking radiation.
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1 Introduction
A spherically symmetric black hole (BH) is one of the solutions of gravity
theory featuring a high degree of symmetry. It should be possible to de-
scribe the dynamics of the branch of the moduli space associated with such
a solution by choosing a convenient hypersurface foliation of the bulk config-
uration. The hypersurface theory is not always gravity theory, a remarkable
feature of gravitational physics well captured by the technique of dimensional
reduction to a hypersurface of foliation or ADM reduction for short.
The notion of ADM reduction was first put forth in [1] in the type IIB
context, building on the earlier works of [2–4]; it was shown [2–4] [1] that
the hypersurface theory is an abelian gauge theory. Since the hypersurface
dynamics should capture aspects of the bulk physics, the hypersurface theory
can be viewed as a “dual” description of the bulk physics in the sense dis-
cussed in [1]. If this view is correct (as we believe), it would lead to plethora
of dual pairs of gravity/non-gravity theories. This generalized duality, when
more firmly established, should provided a first-principle derivation of one
of the two facets of AdS/CFT: how the open string physics emerges from
the closed string physics. The idea is also consistent with the view that this
facet of AdS/CFT should be a generalized spontaneous symmetry breaking
phenomenon [5].
Dimensional reduction to various hypersurfaces has proven fruitful. In the
big picture, it provides a unifying paradigm for generating holographic dual
pairs. In the initial work of [1], the notion was conceived in the IIB super-
gravity setup by building on [2], in which a DBI type action was obtained
as a solution of IIB supergravity through Hamilton-Jacobi formalism. The
gauge field was interpreted as a “moduli field” that describes the fluctua-
tions of the branch of the supergravity moduli space associated with the S5
reduction. The DBI action should capture dynamics of the supergravity and,
naturally, can be viewed as the dual theory. It is almost evident that the non-
abelianized DBI action would be the stringy extension of N = 4 D = 4 SYM.
(The non-abelianization procedure was sketched in [1]; although it would re-
quire a substantial amount of work, it will be doable.) Once the non-abelian
extension is completed, the procedure will be a derivation (possibly up to
some fine issues) of AdS/CFT1 to the extent that the moduli field interpre-
1The theory dual to IIB closed string will be open stringy extension of N = 4 D = 4
SYM in the curved background [6].
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tation is valid. (There is no doubt that the moduli field interpretation carries
a certain level of truth.)
One of the virtues of the ADM reduction is that it is not limited to stringy
setups, but much more general. The ADM reduction has been applied to
the 4D Schwarzschild black hole in [7] and [8]. The Schwarzschild spacetime
was reduced along the radial direction in [7] and along the angular directions
in [8]. Once the 4D theory is reduced to the hypersurface located at the
event horizon, the theory effectively becomes a 2D theory and the entropy
(or the zero temperature analogue of entropy) can be computed. The angular
reduction was considered in order to obtain a setup optimized for analyzing
scattering around the black hole at the level of interacting quantum field
theory (QFT) that describes gravity physics in the hypersurfce; namely, the
“quantum gravity of the hypersurface”.
In this work, we apply the procedure to another case, the BTZ black
hole [9]. The ADM reduction and subsequent analysis of the BTZ spacetime
are expected to be simpler than those of the Schwarzschild spacetime for
several reasons. Firstly, it obviously takes reduction along a single direction
to reach a 2D theory. Secondly, conformal symmetry has been expected to
emerge in the 2D theory, and if it indeed does, conformal field techniques can
be employed for various further computations. The conformal field theory
expected is Liouville theory in the radial reduction case. The connection
between the BTZ solution and Liouville theory was discussed, e.g., in [10–16].
Appearance of Liouville theory was shown in [17] (see [18,19] as well) in the
context of the standard dimensional reduction of 4D actions.
Below, these expectations will be confirmed. We show the emergence of
a Liouville type theory in the radial reduction; as a byproduct we will be
able to clarify some of the less-understood issues. (For example, whether the
Liouville theory is associated with the horizon or the asymptotic region is
not yet completely understood in the literature [20].) The angular reduction
also leads to a Liouville type theory that is different from that of the radial
reduction.
The resulting 2D theories are interacting QFTs up to the issue that we
will discuss in the last section. They describe the metric fluctuations in
or around the hypersurfaces, i.e., the quantum gravity theories (once quan-
tized) of the hypersurfaces. With the second-quantizable theories at hand,
we examine notions/pictures that are either semi-classical or have roots in
the semi-classical description from the perspective of the present work.
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(a) (b) 
Figure 1: (a) r reduction (b) ϕ reduction
The remainder of the paper is organized as follows. In section 2, we carry
out the radial reduction.2 and obtain a Liouville type theory. The reduction
along the azimuthal angle is carried out in two different approaches in section
3. The first approach yields a Liouville type theory. In the second approach,
the resulting 2D theory has quartic potential in terms of a redefined field.
In the last section, we discuss potential implications of our result for the
Equivalence Principle (EP) and Purity of Hawking radiation.
2 r-reduction and Liouville theory
Let us consider the 3D Einstein-Hilbert action with a cosmological constant
S =
∫
d3x
√
−g˜(3)
[
R˜(3) − 2Λ
]
(1)
2The hypersurface analysis that we carry out here (and have carried out in [7] and [8])
does not describe the full bulk dynamics. To elucidate the point, let us take the radial
reduction. The reduced theory does not describe the collective motions of the surfaces
foliated along the radial direction. Perhaps an analogy would help. In the atomic theory
of a hydrogen atom, one factors out the motion of the center of mass, and focuses on the
oscillations of the electron and proton around the center of mass. The part that is not
described by the reduced theory should be analogous to the motion of the center of mass.
The full bulk dynamics would definitely include this part.
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where
Λ = −1/l2 (2)
with l being the AdS characteristic length. The field equation admits the
following black hole solution [9]
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dϕ2, f(r) ≡ 1
l2
(r2 − r2H) (3)
where rH denotes the radial location of the event horizon. Let us employ the
ADM formalism3
ds23 = (n˜
2
r + h˜
(2)ijN˜iN˜j)dr
2 + 2N˜idrdy
i + h˜(2)ijdy
idyj (4)
where h˜(2)ij is the metric of the hypersurface and K˜ij ≡ 12n˜r (∂rh˜(2)ij−∇˜iN˜j−
∇˜jN˜i), K˜ ≡ h˜ij(2)K˜ij. N˜i can be gauge-fixed away4; the 3D action can be
written
S =
∫
d2ydr
√
−h˜(3)
[
R˜(2) + K˜2 − K˜ijK˜ij − 2Λ
]
(5)
It is convenient to redefine
n˜r(t, r, ϕ) ≡ e−φ˜(t,r,ϕ) (6)
As an intermediate step toward the dimensional reduction to 2D (in other
words, (7) will be part of the reduction ansatz below), let us narrow down
to a sector of the theory where n˜r takes n˜r takes
eφ˜(t,r,ϕ) = eφ0(r)+φ(t,ϕ) =
√
feφ(t,ϕ) (7)
where eφ0 has been set eφ0 =
√
f in order to assure the fluctuations around
the BTZ spacetime (3). Separating out the “breathing mode”, rescale the
3D metric h˜µν by
5
h˜µν = e
2φ(t,ϕ)hµν (8)
3Below we will go back and forth between the standard formulation and ADM formu-
lation as need arises.
4The gauge-fixing should amount to narrowing down to the branch of the moduli space
in which the shift vector is absent.
5This is a non-covariant expression in 3D since eφ is not a scalar. However, this should
not cause a probelm once the theory is reduced to 2D where eφ becomes a 2D scalar.
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The action becomes
S =
∫
d2ydr
√−h(2) 1√
f
[
R(2) +K2 −KijKij − 4∇2(3)φ− 2(∇(3)φ)2 +
2
l2
e2φ
]
(9)
The action may be modified by surface terms in order to accommodate vir-
tual boundary effects [8]. (The presence of the usual Gibbons-Hawking type
boundary terms are also understood.) We will carry out this analysis shortly
but first let us proceed without worrying about the boundary terms. One
can show that the 3D field equations are reduced to a set of equation that
can be produced from
S =
∫
d2y
√−h(2) 1√
f
[
R(2) − 2(∇(2)φ)2 + αφ+ 2
l2
e2φ
]
(10)
Here Kij ≡ 12e2φ∂rhij, K ≡ hijKij and
α ≡ −4
√
f ∇2(3)
1√
f
+ 4
√
f∇µ
( 1√
f
∇µφ0
)
(11)
This can be viewed as a constant since r is no longer a coordinate but a
parameter. To derive (10), we have used R˜(2) + (K˜2 − K˜ijK˜ij) = R˜(3) (up
to total derivative terms) and how R˜(3) rescales under (8). The K2−KijKij
term vanishes after the 2D metric gauge fixing as we show in (16) below, and
has been omitted.
As mentioned above, the action (10) is valid up to the terms that originate
from the total derivative terms added to (9). The fact that not all is well
can be seen as follows. With the metric rescaling (8), the system is expected
admit the following solution
φ(t, ϕ) = 0 (12)
hij =
(
−1 0
0 r
2
f(r)
)
(≡ γ0ij) (13)
One can easily see that the naive form of the action (10) does not admit (13)
as a solution. For example, one can quickly see that the φ equation does not
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admit φ = 0. As a matter of fact, the action is defined up to shifting φ by a
constant. This is because the change in the cosmological constant term causd
by the shift in φ can be absorbed by another source for the cosmological term
as we turn now.
Examination of (9) reveals the forms of the needed boundary term, and
its precise coefficient is determined by requiring (13) as a solution. Suppose
taking h(3)ij variation of the action after going back to the standard formu-
lation: R(2) + (K2 − KijKij) = R(3). The resulting field equation contains
a term ∼ ∇2(3) 1√f . (Note that ∇2(3) 1√f =
2r2H
l4
1√
f
.) In other words, the action
(10) has been determined up to the boundary effect that is represented by
the presence of ∼ ∇2(3) 1√f in (9).
With all of the observations above taken into account, the 2D action is
given by
S =
∫
d2y
√−h(2) [R(2) − 2(∇(2)φ)2 + αφ+ 2
l2
e2φ + κ
]
(14)
where κ is a constant (or a r-dependent expression, more precisely speaking).
The metric still has the r-dependence; however, r now serves as a parameter
rather than a coordinate as mentioned above. For the description of 2D
dynamics, let us gauge-fix the 2D metric (the Virasoro constraint should be
supplemented to the action)
ds22 = γ0ij(r)dy
idyj, (i.e., hij = γ0ij) (15)
where γ0ij was defined in (13). Note that in this gauge
R(2) = 0, (k2 − kijkij) = 0 (16)
where kij ≡ 12∂rhij, k ≡ hijkij. (As a matter of fact, kkij − kimγmlklj = 0.)
Removing the constant terms followed by rescaling, one gets
S =
∫
dtdϕ
[
−1
2
γij0 (∂iφ)(∂jφ) + βφ+
1
2l2
e2φ
]
(17)
where β is rescaled α. Once the hypersurface is set at the event horizon, the
theory will effectively be reduced by one more dimension as in [7]. Because
of this reason, the Liouville theory in the context of BTZ spacetime should
presumably not be associated with the horizon. One can rescale the coordi-
nates (t, ϕ) and the field φ, and put the action into a more standard-looking
form.
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3 ϕ-reduction: preliminary scattering-setup
As discussed in [8], reduction along the angular direction may provide a con-
venient setup for analysing scattering around the black hole. We carry out
the reduction in two different ways. In the first approach, we closely follow
the steps of the r-reduction, and obtain another Liouville type theory. In the
second approach, which might provide a more convenient setup for scattering
analysis, we obtain a theory that has a tachyonic mass and quartic poten-
tial in terms of an appropriately redefined field. The kinetic terms of these
theories have r-dependent coefficients; this feature, with the Virasoro type
constraint, will complicate the scattering amplitude analysis. Nevertheless,
the 2D actions takes relatively simple forms, and quantization and scatter-
ing analysis (to be pursued elsewhere) should be reasonably straightforward.
Since the terms that originate from the virtual effects do not usually play an
important role as we saw in [8] and in the previous section, we do not keep
track of them in this section.
3.1 ϕ-Reduction: approach 1
By employing the ADM formalism
ds23 = (n˜
2
ϕ + h˜
abN˜aN˜b)dϕ
2 + 2N˜adϕdx
a + h˜abdx
adxb (18)
the 3D action can be written
S =
∫
d2xdϕ
√
−h˜ n˜ϕ
[
R˜(2) + K˜2 − K˜abK˜ab − 2Λ
]
(19)
N˜a is gauge-fixed to N˜a = 0. Redefine the field n˜ϕ(t, r, ϕ) ≡ e−ρ˜(t,r,ϕ). Rescale
the 3D metric h˜µν by
h˜µν = e
2ρ˜(t,r,ϕ)hµν (20)
One gets, after reduction to 2D by setting ρ˜(t, r, ϕ) = ρ0(r) + ρ(t, r) with
e−ρ0(r) = r,
S =
∫
d2x
√−h
[
R(2) + αϕ(r)ρ(t, r)− 2(∇aρ)2 + (K2 −KabKab) + 2
l2
e2ρ0e2ρ(t,r)
]
(21)
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where αϕ(r) is a r-dependent expression that is determined up to the freedom
of shifting ρ. Let us gauge-fix the 2D metric (the Virasoro constraint should
be supplemented as usual)
ds22 = γ0abdx
adxb (22)
where
γ0ab ≡
(
−r2f(r) 0
0 r
2
f(r)
)
(23)
After going through the steps analogous to the ones in the previous section,
the action takes
S =
∫
d2x
√−γ0
[
−2(∇aρ)2 + αϕ(r)ρ(t, r) + 2
l2
e2ρ0e2ρ(t,r) − 2
l2
]
(24)
which can be rewritten
S =
∫
d2x
√−γ0
[
−1
2
γab0 ∂aρ∂bρ+
1
4
αϕ(r)ρ(t, r) +
1
2l2
e2ρ0e2ρ(t,r)
]
(25)
where the action has been numerically rescaled and the field independent
terms have been removed.
3.2 ϕ-Reduction: approach 2
In this subsection, we carry out a slightly different ϕ reduction. This ap-
proach leads to a theory with a quartic potential that may provide a more
convenient setup for the scattering analysis. (It also allows one to see the
free field theory form of the resulting action, a point that we will discuss in
the discussion section.6)
With the following block-diagonal gauge-fixing
ds2 = n˜ϕdϕ
2 + h˜abdx
adxb, a = (t, r) (26)
the 3D action can be written
S =
∫
d2xdϕ n˜ϕ
√
−h˜
[
R˜(2) + K˜2 − K˜abK˜ab − 2Λ
]
(27)
6As we will see, there exists a different rescaling that casts (36) into a free theory.
Possible implications will be discussed in the final section. Interestingly, it was shown
in [21] [22] [23] that Liouville theory can be mapped to a free field theory.
9
Redefining the field n˜ϕ by
n˜ϕ(t, r, ϕ) ≡ eρ(t,r,ϕ) (28)
and reducing the 3D action (27) to 2D by
ρ(t, r, ϕ) → ρ(t, r) (29)
one gets
S =
∫
d2x eρ
√
−h˜
[
R˜(2) + K˜2 − K˜abK˜ab − 2Λ
]
(30)
As before, the breathing mode can be separated out by the rescaling
h˜ab = e
ρ(t,r)hab (31)
and the action becomes
S =
∫
dtdr
√−h eρ
[
R(2) +K2 −KabKab −∇a∇aρ+ 2
l2
eρ
]
(32)
Let us gauge-fix
ds22 = γ0abdx
adxb (33)
where the 2D background metric is given by
γ0ab ≡
( −f(r) 0
0 1
f(r)
)
(34)
The action simplifies to
S =
∫
dtdr
√−γ0
[
eρ(∇aρ)2 − 2
l2
eρ +
2
l2
e2ρ
]
(35)
where the fact R(2) = − 2
l2
has been used. The corresponding Virasoro con-
straint should be supplemented. Noting that
√
γ0 = 1, the action (35) takes
a slightly simpler form
S =
∫
dt
∫ ∞
rH
dr
[
eρ(∇aρ)2 − 2
l2
eρ +
2
l2
e2ρ
]
(36)
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with the Virasoro constraint
∂aρ∂bρ− 1
2
γ0ab
[
(∂ρ)2 +
2
l2
(eρ − 1)
]
= 0 (37)
To see that the action above can be written as a theory with a quartic
potential, let us introduce a further field redefinition
e
1
2
ρ ≡ ξ (38)
which casts the action to
S =
∫
dt
∫ ∞
rH
dr
[
4(∂aξ)
2 − 2
l2
ξ2 +
2
l2
ξ4
]
(39)
The Virasoro constraint takes
∂aξ ∂bξ − 1
2
γ0ab
[
(∂ξ)2 +
1
2l2
(ξ4 − ξ2)
]
= 0 (40)
The ξ field equation is
∂2ξ +
1
l2
(
1
2
ξ − ξ3) = 0 (41)
Upon using this in (40), the constraint becomes
∂aξ ∂bξ − 1
2
γ0ab
[
(∂ξ)2 +
1
2
ξ∂2ξ − 1
4l2
ξ2
]
= 0 (42)
It should be useful to consider a time-dependent solution of (41).
Prior to scattering analysis, one must understand whether (36) represents
a truly interacting theory because there exists a field redefinition that casts
(32) to a free field form. We take this discussion in the next section.
4 Discussion
In this work, we have carried out reduction of BTZ spacetime to two differ-
ent kinds of hypersurfaces, one with the fixed radial coordinate and the other
with the fixed angular coordinate. The radial reduction has led to (17) and
the angular reduction to (25) and (39). The resulting 2D theories provide a
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basis for a second-quantized description -which should be essential for tack-
ling puzzles such as Black Hole Information paradox and Firewall [24] - of
fluctuations around the black hole in the hypersurface.
With the second quantizable actions available, we are now in a position
to carry out direct quantum field theory analysis, and we will report on the
progress elsewhere. In the remainder of this section, we ponder over various
issues that will emerge when setting a strategy for relating scattering analysis
to the Black Hole Information and Firewall.
The second quantized description of gravitational fluctuations would re-
quire, as suggested by [24], one to re-scrutinize several key notions such as the
Equivalence Principle and Purity of Hawking radiation. This is because they
are notions deeply rooted in the semi-classical description, which treats only
the matter fields in the quantum manner with the metric serving as a fixed
background. Furthermore, mostly free matter field theories were employed
in the BH literature of this context.
We start with Equivalence Principle. As stated in the main body, there
exists a frame that leads to free field theory in the angular reduction case.
To see this, let us rescale the metric in (32) by
hab = e
−ργab (43)
Upon this rescaling, (32) becomes
S =
∫
dtdr
√−γ eρ
[
R(2) +K2 −KabKab −∇a∇aρ+ 2
l2
]
(44)
Once the metric is gauge-fixed, the action becomes
S =
∫
dtdr
√−γ0 eρ
(
−∇a∇aρ
)
=
∫
dtdr
√−γ0 4(∇ζ)2 (45)
where ζ ≡ e 12ρ. The field redefinition (43) would amount to conducting a
very special coordinate transformation in the original 3D theory. It implies
that there is a certain frame in which the QFT interactions are removed.
The redefined coordinate would correspond to an observer in a novel frame.
Whether this feature is a general phenomenon is far from obvious, of course.
(It is interesting, though, that Liouville theory was shown to map to a free
field theory as mentioned in footnote (6).) If it is, it might be possible to
interpret the removal of the gravitational interactions (recall that the QFT
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is theory of a gravity mode in the hypersurface) by a coordinate transforma-
tion as EP of a certain kind.7 However, the theory is free when expanded
around a novel vacuum and the vacuum does not seem to be the Kruskal
vacuum: the theory must be an interacting theory when expanded around
the Schwarzschild or Kruskal vacuum.
The interacting quantum field theory nature of the fluctuating geometry
also seems to suggest the possibility of information bleaching - which was
the central motivation of the work [27] - at the black hole formation and/or
growth. An infalling chair might go through a “gravitational Bremsstrahlung”
process by which its main (or at least partial) pieces of information might
get bleached to the vicinity of the event horizon. If indeed present, the in-
formation bleaching mechanism will dramatically change (the order of) the
questions regarding the information: before exploring whether or how in-
formation escapes, one would examine what pieces of information actually
enter the black hole. Information bleaching would be at odds with Purity
of Hawking radiation because there would not be much information to carry
to the outside.8 Another semi-classical picture that might not be fully sup-
ported by the quantum gravity description is the process of disintegration
of a fallen chair throughout which the BH remains entirely black. As far as
we can see, there is a possibility that the black hole goes through a series
of “meta-black” quantum states between the initial and final black states, a
hypothetical process called “blackening” in [27]. We will report the progress
on these issues in the near future.
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